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Abstract: We construct two new versions of the c-map which allow us to obtain the 
target manifolds of hypermultiplets in Euclidean theories with rigid J\f = 2 supersym¬ 
metry. While the Minkowskian para-c-map is obtained by dimensional reduction of the 
Minkowskian vector multiplet lagrangian over time, the Euclidean para-c-map corresponds 
to the dimensional reduction of the Euclidean vector multiplet lagrangian. In both cases 
the resulting hypermultiplet target spaces are para-hyper-Kahler manifolds. We review 
and prove the relevant results of para-complex and para-hypercomplex geometry. In par¬ 
ticular, we give a second, purely geometrical construction of both c-maps, by proving that 
the cotangent bundle N = T*M of any affine special (para-)Kahler manifold M is para- 
hyper-Kahler. 
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1. Introduction, summary and outlook 
1.1 Introduction 

In this paper we continue the investigation of the geometrical structures of Euclidean super- 
symmetric theories initiated in H]. As explained there in more detail, the main motivation 
of our work is to obtain a better understanding of instantons in supersymmetric string the¬ 
ory compactifications and their rigidly supersymmetric field theory limits. Moreover, since 
solitons and instantons are mutually related by dimensional reduction over time, instantons 
can be used as the starting point for the systematic construction of solitonic solutions, such 
as black holes, black branes and domain walls |^]. One also expects to be able to generate 
cosmological solutions of the type IF string theories, which are related to the standard 
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type II string theories by time-like T-duality |^, Since the target space geometries of 
the scalar sigma models appearing in Euclidean supersymmetric theories differ from those 
of the Minkowskian theories g |, 0,0, we were lead to the question what char¬ 

acterizes these geometries. For theories with more than 8 supercharges the scalar geometry 
is completely fixed by the matter content, while for theories with 8 or less supercharges 
the geometry is restricted, but not unique. The boundary case of 8 supercharges is par¬ 
ticularly interesting, because the resulting theories have a rich structure while they (or at 
least certain aspects of them) can be treated exactly. For space-times with Minkowskian 
signature, the corresponding geometries are known as the ‘special geometries.’^ More pre¬ 
cisely, for locally supersymmetric theories the manifolds spanned by the scalars of vector 
multiplets are ‘projective very special real manifolds’ |0, 0, 0 in five dimensions and 
‘projective special Kahler manifolds ’ 0, 0 0, 0 in four dimensions, while the scalar 
manifolds of hypermultiplets are quaternion-Kahler p0| , 0]. For rigidly supersymmetric 
theories the manifolds spanned by the scalars of vector multiplets are ‘affine very special 
real manifolds’ ||^] in five dimensions and ‘affine special Kahler manifolds’ |0, 23, 18, 0 in 
four dimensions, while the scalar manifolds of hypermultiplets are hyper-Kahler manifolds 
1^] in all dimensions < 6. 

In 11] we investigated vector multiplets in Euclidean four-dimensional space. We in¬ 
troduced the notion of an ‘affine special para-Kahler manifold’ and showed that these are 
the target manifolds of rigid Euclidean vector multiplets. The basic difference between 
the scalar geometries of Minkowskian and Euclidean vector multiplets is that the complex 
structure /, /^ = — 1 is replaced by a para-complex structure J, = 1 (with equal rank 
of the eigenspaces for the eigenvalues ±1). As discussed in |l|, all the relevant notions 
of complex geometry, such has Hermitian, Kahler and special Kahler, have their precise 
analogues in para-complex geometry. 

The purpose of this paper is to identify the scalar geometry of Euclidean hypermulti¬ 
plets in rigidly supersymmetric theories. Since the scalar geometry of hypermultiplets does 
not change under dimensional reduction, this geometry is the same for all dimensions where 
hypermultiplets exist, i.e., for dimensions < 6. Our main result is that the scalar manifolds 
of Euclidean hypermultiplets are para-hyper-Kahler manifolds. The precise definition will 
be given later, but let us already characterize them heuristically as para-complex analogues 
of hyper-Kahler manifolds: hyper-Kahler manifolds have three complex structures, which 
satisfy the quaternionic algebra under multiplication, while para-hyper-Kahler manifolds 
have two para-complex structures and one complex structure, which satisfy the so-called 
para-quaternionic algebra. Thus the resulting picture is very similar to the one we found 
for vector multiplets. 

The most convenient tool to find these Euclidean hypermultiplet manifolds is to con¬ 
struct a new version of the so-called c-map, which is well known from Minkowskian theories 
|2|, H, 0 , 0 . In fact, we will construct two new c-maps, called the Minkowskian and 
the Euclidean para-c-map (for reasons that will become obvious in a moment). Each of 
the c-maps is constructed using two complementary approaches, a physical and a mathe- 


^We refer to |l2| for a review. 
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matical one. While the physical approach, based on T-duality and dimensional reduction 
of lagrangians, provides an explicit expression for the hypermultiplet metric, the geomet¬ 
rical structures of the hypermultiplet manifolds are not manifest and their identification 
requires a lot of work. The mathematical approach provides a geometrical construction of 
the hypermultiplet manifolds and the origin of all its structures is transparent and man¬ 
ifest. When formulated in terms of coordinates which correspond to the physical scalar 
fields, it is straightforward to verify that the metrics obtained in both constructions are 
identical. 

The outline of this paper is as follows; in the reminder of this secion we give a com¬ 
prehensive summary and discussion of the results, and we also give a brief outlook on 
future directions of research. Section 2 studies the c-maps from the mathematical point 
of view. Here we provide the definitions for all the relevant notions of para-complex and 
para-hypercomplex geometry, and we formulate and prove five theorems which specify the 
properties of the c-maps. Section 3 gives the physical treatment of the c-maps through the 
dimensional reduction of supersymmetric lagrangians from four to three dimensions. The 
resulting hypermultiplet metric is shown to be of the type constructed in Section 2. In 
Section 4 we discuss a restricted class of hypermultiplet manifolds which can be obtained 
by dimensional reduction from five to three dimensions. The reduction from five to four 
dimensions is related to the so-called r-maps, and we can summarize the relations between 
r-maps and c-maps in a commutative diagram. 

1.2 Summary and discussion 

The physical way to understand the c-map is its relation to T-duality in string theory. 
To be concrete let us consider type-IIA and type-IIB string theory, both in a space-time 
background of the form x XiQ_d, where is d-dimensional Minkowski space and 
XiQ-d is a (10 — d)-dimensional Ricci-flat compact manifold. Then T-duality states that 
type-IIA string theory in the background M^-i x x Xio-d is identical to type-IIB 
string theory in the background M^-i x x Xio-d. Here Md-i is {d — l)-dimensional 
Minkowski space, Sf' is a circle of radius R, and 5^ is a circle with the inverse radius. 
(The radius is measured in terms of the fundamental length scale of string theory.) In 
other words the dimensional reduction from d io d — 1 dimensions yields one continuous 
family of theories, labelled by R, which has two distinct d-dimensional limits R ^ oo (HA 
theory on x Aio_rf) and R~^ oo (HB theory on x Aio_rf); 

HA/Aio-d ^ HA/(Aio-d x Sf) = HB/(Aio-d x ') ^ HB/Aio-d . 

To obtain the c-map it is sufficient to go from the full string theories to the d-dimensional 
effective supergravity theories which describe their massless modes. We now choose d = 4 
and take A to be a (generic) Calabi-Yau threefold Xq. Then one has two four-dimensional 
supergravity theories with M = 2 supersymmetry (8 supercharges) which are related as 
follows; given one of the two supergravity actions, one performs a dimensional reduc¬ 
tion on a circle of radius R and obtains a three-dimensional supergravity action. Then 
one performs the limit R~^ oo and re-interprets the result as a four-dimensional the¬ 
ory. In practise, this can be done by finding a four-dimensional theory which reproduces 
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the three-dimensional theory upon dimensional reduction on a circle of radius R~^. In 
the case at hand, this construction maps the vector multiplets (hypermultiplets) of the 
four-dimensional type-IIA theory to the hypermultiplets (vector multiplets) of the four¬ 
dimensional type-IIB theory. Recall that for Minkowski signature a four-dimensional vector 
multiplet {A^, A*, z) consists of a gauge held a doublet of Majorana spinors \i, i = 1,2 
and a complex scalar z. Under dimensional reduction the vector decomposes into a 
scalar A 3 and a vector A^, m = 0,1, 2. Moreover, a three-dimensional vector held can be 
dualized into a scalar held,^ so that all together we obtain a three-dimensional hypermul- 
tiplet which consists of four real scalars and a doublet of Majorana spinors. In the limit 
R~^ —> 00 this becomes a four-dimensional hypermultiplet with the same scalar manifold. 
This dehnes a map, known as the c-map, between the vector multiplet manifold M of the 
four-dimensional IIA theory and the hypermultiplet manifold N of the four-dimensional 
IIB theory. Note that the c-map is already determined by the dimensional reduction of the 
bosonic part of the vector multiplet lagrangian from four to three dimensions: 

c : M = {mfd. of 4d vector multiplet scalars} —l■N = {mfd. of 3d/4d hypermultiplet scalars} . 

The opposite happens for the hypermultiplets of the IIA theory. Under dimensional re¬ 
duction they become three-dimensional hypermultiplets, but in order to perform the limit 
R~^ 00 one needs to dualize one of the scalars into a three-dimensional vector, which 

becomes a four-dimensional vector in the decompactihcation limit. This way the hyper¬ 
multiplets of the IIA theory are mapped to the vector multiplets of the IIB theory. The 
resulting map between the scalar manifolds is the inverse c-map. 

So far we discussed the c-map in the context of supergravity, which is natural because 
string theory automatically incorporates gravity. But one can also consider a limit where 
gravity decouples. Then one obtains a c-map, called the rigid c-map,^ between the vector 
and hypermultiplet manifolds of rigidly supersymmetric theories. In four-dimensional rigid 
N = 2 superymmetry, the target space M of the vector multiplet scalars must be an affine 
special Kahler manifold of real dimension 2n, where n is the number of vector multiplets. 
Since hypermultiplet manifolds must be hyper-Kahler, the c-map assigns to every affine 
special Kahler manifold M a hyper-Kahler manifold N of twice the dimension. Note, 
however, that not all hyper-Kahler manifolds can be obtained this way. In fact, the hyper- 
Kahler manifolds in the image of c-map are non-generic, because they have isometries 
originating from the gauge symmetries of the vector fields which have been dualized into 
scalars. 

In this paper we will use two modified c-maps to construct Euclidean hypermultiplet 
manifolds from vector multiplet manifolds. One way is to start from the vector multiplet 
lagrangians of Euclidean four-dimensional theories, which were constructed in |||], and to 
reduce the theory to three dimensions. Again the four-dimensional vector decomposes into 
a three-dimensional vector and a scalar, and the vector can be dualized into another scalar. 
This way we obtain a three-dimensional Euclidean hypermultiplet lagrangian, from which 

^See Section 3 for the details. 

®We will omit the ‘rigid’ in the following. 
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we can read off the hypermultiplet manifold. The resulting c-map is called the Euclidean 
para-c-map, denoted Cg^g. While the initial vector multiplet manifold M is affine special 
para-Kahler, the resulting hypermultiplet manifold N is para-hyper-Kahler: 

Cg^Q : {affine special para-Kahler mfds.} —> {para-hyper-Kahler mfds.} . (l-l) 


The second option that we have to construct Euclidean hypermultiplet manifolds is 
to start with a Minkowskian vector multiplet lagrangian and to perform a dimensional 
reduction over time. This defines a map Cg^g, called the Minkowskian para-c-map which 
assigns to every Minkowskian vector multiplet manifold a Euclidean hypermultiplet mani¬ 
fold. While the Minkowskian vector multiplet manifolds are special Kahler manifolds, the 
Euclidean hypermultiplet manifolds are again para-hyper-Kahler manifolds: 


Cgijig : {affine special Kahler mfds.} —> {para-hyper-Kahler mfds.} . (1-2) 

However, para-hyper-Kahler manifolds which are constructed using Cg^g can generi- 
cally not be obtained from Cg^g. As we will show in Section 4, the manifolds which are in 
the image of both c-maps are precisely those which can be obtained by dimensional reduc¬ 
tion of a five-dimensional (Minkowskian) vector multiplet lagrangian with respect to one 
time-like and one space-like direction. This observation combines nicely with the results 
of |||], where we worked out and compared the dimensional reduction of vector multiplets 
from 4 -|- 1 to 3 -|- 1 dimensions (reduction over space) and to 4 -|- 0 dimensions (reduction 
over time). Vector multiplets in 4 -|- 1 dimensions contain one real scalar, and the scalar 
manifolds are so-called affine very special real manifolds. For such manifolds the metric is 
encoded in a real polynomial of degree 3. By dimensional reduction over space (time) the 
scalars become complex (para-complex) and the resulting scalar manifolds are affine special 
Kahler and affine special para-Kahler, respectively. The dimensional reduction defines the 
so-called r-maps, and between the respective scalar manifolds. If one performs a 
reduction from 4 -|- 1 to 3 -|- 0 dimensions, the result is independent of whether one reduces 
first over space or time, and the corresponding para-hyper-Kahler manifolds are isometric. 
This defines a map, called the para-g-map. 


M+l „3+l 4+1 ^ „4+0 „4+l 

1 / 3+0 •— *^3+0 ° '3+1 — '-3+0 ° '4+0 > 


(1.3) 


which assigns to each very special real manifold a para-hyper-Kahler manifold. The mutual 
relations between the various scalar manifolds are summarized in Figure [^. 

While the physical approach to the c-map provides explicit expressions for the metric 
of the hypermultiplet manifold (and, if we include the fermions, for the whole lagrangian) 
its geometrical structure is not manifest. If we take, for concreteness, the dimensional 
reduction of a Minkowskian lagrangian with n vector multiplets, then we start with 2n 
real scalar fields. However, the manifold M spanned by these scalars is affine special 
Kahler and in particular complex. Thus we have a complex structure J, = —1. After 
dimensional reduction over time and dualization of the vector fields, we have a scalar 
manifold N of real dimension An. One can then show that the real scalars can be combined 
into 2n complex fields, i.e., the complex structure J of M induces a complex structure 
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Figure 1: This figure summarizes how the scalar manifolds of three-dimensional Euclidean hy- 
permultiplets (at the bottom) are related to those of Minkowskian and Euclidean four-dimensional 
vector multiplets (in the middle) and of five-dimensional Minkowskian vector multiplets (at the 
top). Dimensional reduction does only yield a special subset of the lower dimensional theories: 
the scalars of five-dimensional vector multiplets parametrize a very special real manifold, which is 
encoded in a real polynomial of degree 3, the prepotential. The reduction over space (time) gives 
very special (para-)Kahler manifolds (hatched segments of left and right middle blob, respectively). 
These are determined by the real cubic prepotential of the five-dimensional theory, while generic 
special (para-)Kahler manifolds have a general (para-)holomorphic prepotential (full blobs in the 
middle). The reduction of general four-dimensional Minkowskian (Euclidean) vector multiplets over 
time (space) gives special para-hyper-Kahler manifolds (intersecting blobs at the bottom), which 
are determined by the (para-)holomorphic prepotential of (at least) one of the four-dimensional the¬ 
ories. The reduction from five to three dimensions yields very special para-hyper-Kahler manifolds 
(doubly-hatched segment of the lower blobs), which are encoded in a real cubic prepotential. 


Ji on N. But this already requires to identify the proper way of combining real fields 
into complex ones, see Section 3 for the details. In order to prove that N is para-hyper- 
Kahler, we have to work even harder: first, we have to find a para-complex structure J 2 , 
which anticommutes with Ji. This gives us a second para-complex structure J 3 = J 1 J 2 
for free, and Ji, J 2 , J 3 satisfy the para-quaternionic algebra. Second, we have to show that 
the metric is para-hyper-Hermitian, i.e., J 2 , J 3 must be anti-isometries and Ji must be an 
isometry. Third, the metric is even para-hyper-Kahler, i.e., the structures Ji,J 2 ,J 3 must 
be covariantly constant with respect to the Levi-Civita connection. The main problem 
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with this approach is that there is no systematic procedure to identify Ji and J 2 . A 
strategy used in the literature is to show that the metric has the appropriate restricted 
holonomy group |25, Here one uses that a Riemannian manifold of dimension 4n 


is hyper-Kahler if and only if its holonomy group is contained in USp{2n) (the compact 
real form of Analogously a Riemannian manifold of dimension 4n is para- 

hyper-Kahler if and only if its holonomy group is contained in the real symplectic group 
5p(2n,lR) = 5p(lR^”') = Id ][^2 (g) Sp(lR^“) C GL(1R^ (g) 1R^“) = GL(4n, IR). However, the only 
efficient way to show that the holonomy group is contained in USp{2n) and Sp{2n,lR.), 
respectively, is to show that the structures Jq are parallel. Thus the identification of these 
structures is indeed the main problem. 

Here lies the great advantage of the geometrical construction which we present in 
Section 2. The basic result is that if M is any special para-Kahler manifold (Theorem 
2) or any special Kahler manifold (Theorem 3),^ then its cotangent bundle N = T*M 
is a para-hyper-Kahler manifold. All the geometrical data of N, including the structures 
can be constructed in terms of the special geometry data of M. The proof 
of the central Theorems 2 and 3 requires some preliminaries. In Section 2.1 we review 
the relevant facts and definitions about para-complex and para-hypercomplex geometry, 
and about special (para-)Kahler manifolds. Sections 2.2 and 2.3 derive properties of the 
cotangent bundle N = T*M of a para-complex manifold M. In particular, we show that N 
has a canonical para-complex structure Jm- If M is equipped with a linear connection V, 
one can decompose the tangent bundle TN oi N into a horizontal and vertical part which 
are isomorphic to the pullbacks of the tangent bundle TM and of the cotangent bundle 
T*M of M, respectively. Moreover V can be used to define another para-complex structure 
j'^ on N. We derive a sufficent condition for V, which implies that is the canonical 
para-complex structure J^r. It turns out that this condition is met if M is special para- 
Kahler and V is its special connection. In Section 2.4 we introduce a metric on M. If M is 
(almost) para-Hermitian, then one can find a metric qn on N and a second para-complex 
structure J‘^ on N, such that N is an (almost) para-hyper-Hermitian manifold. This is the 
subject of Theorem 1. In Section 2.5 we take M to be a special para-Kahler manifold and 
prove Theorem 2, which states that N is para-hyper-Kahler. We also formulate Theorem 
3, which claims the same result if M is special (pseudo-)Kahler. The proof is omitted 
because it is completely analogous to the one of Theorem 2. At this point we have already 
the complete geometrical picture. In Sections 2.6 and 2.7 we reformulate the constructions 
behind Theorems 2 and 3 in terms of (para-)holomorphic coordinates. The action of the 
structures Jq, in the (para-)holomorphic basis is given in Theorems 4 and 5, respectively. 
We also work out the explicit expressions for the metric gisf in terms of (para-)holomorphic 


“^This Theorem also applies to the case of indefinite signature (special pseudo-Kahler manifolds). These 
manifolds are not admissible target spaces for rigid vector multiplets, but play an important role when 
constructing the projective special Kahler manifolds which are the target spaces of locally supersymmetric 
vector multiplets |^. This is well known in the context of the superconformal tensor calculus, where 
the metric of vector multiplet scalars is indefinite before fixing the gauge for dilatations and U{1) trans¬ 
formations 1^^. The indefiniteness of the metric reflects that some of the fields act as superconformal 
compensators. We expect that pseudo-Kahler manifolds will appear, when constructing the local version 
of the para-c-map. This will be addressed in a future publication. 
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coordinates. In this parametrization it is easy to compare our results with the Minkowski 
case 1^]. 


1.3 Outlook 

Since we only discuss the c-map for rigidly supersymmetric theories in this paper, the 
natural next step is to consider hypermultiplets in supergravity. It will be interesting to 
have a fresh look on the Minkowskian version of the local c-map, because the geometrical 
methods used and developed in this paper apply to this case as well. We expect that the 
geometrical structures behind the c-map can be made more transparent. Here the recent 
work on superconformal hypermultiplets should be helpful. Given that not much is 
known about higher-dimensional hypermultiplet manifolds in (Minkowskian) supergravity, 
this is worthwhile to investigate. Moreover we can treat the Minkowskian and the Euclidean 
case in parallel. 

Another extension of the results of this paper is to include the fermionic degrees of 
freedom. This is necessary in view of our ultimate goal, the construction of supersymmetric 
instanton solutions. We also remark that so far we only constructed a particular subset of 
the possible Euclidean hypermultiplet manifolds, namely those in the image of the para- 
c-map. But by analogy to Minkowskian hypermultiplets one expects that any para-hyper- 
Kahler manifold defines a supersymmetric hypermultiplet lagrangian. The corresponding 
statement for vector multiplets was proven in Q: any special para-Kahler manifold, not 
just those in the image of the r-map (i.e., those obtainable by dimensional reduction from 
five dimensions) defines a Euclidean vector multiplet lagrangian, and, moreover, these are 
the most general admissible scalar manifolds. The idea of the proof was to rewrite the 
Euclidean lagrangian and supersymmetry transformation rules in such a way that they 
took the same form as their Minkowskian counterparts. We expect that this approach 
applies to hypermultiplets as well. 


2. Geometrical construction of the para-c-maps 
2.1 Definitions and basic facts 

Let us first recall some dehnitions and basic facts about para-complex and para-hyper¬ 
complex geometry, see [|| for more on (special) para-Kahler manifolds and [^| for (sym¬ 
metric) para-hyper-Kahler manifolds. 


Definition 1 An almost para-complex structure on a smooth manifold M is an endomor¬ 
phism field J G r(EndTM), such that 

(i) J Htm is an involution, i.e., = Id^M and 

(a) the two eigendistributions T^M := ker(Id=F J) of J have the same rank. 

An almost para-complex structure J is called integrable if the distributions T^M are both 
integrable. A para-complex structure is an integrable almost para-complex structure. A 
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manifold M endowed with an (almost) para-complex structure J is called and (almost) para- 
complex manifold. A map f : {M,J) between (almost) para-complex manifolds 

is called para-holomorphic ifdfJ = J'df. 


Notice that the endomorphism Jp G End TpM, p G M, defines on the tangent space 
TpM the structure of a free module of rank n = diml^M over the ring of para-complex 
numbers 

C ;= M[e] = {a-|-e61 a, 6 G M} , = 1. (2.1) 


The free module /c G N, is itself an example of a para-complex manifold, the para- 
complex structure being the multiplication by e. In particular, we can speak of para- 
holomorphic functions f : (M, J) ^ C. 

Every para-complex manifold (M, J) admits a system of so-called adapted local coor¬ 
dinates {z^,..., zf_, z^,..., zf), such that the z\. (respectively, z^_) are constant on the 
leaves of the integrable distribution T~M (respectively, T~^M). One can check that the 
C-valued functions 




i 


z\ + zi_ 

2 



( 2 . 2 ) 


are para-holomorphic. They form what is called a system of para-holomorphic local coor¬ 
dinates. 


Definition 2 A pseudo-Riemannian metric g on an almost para-complex manifold (M, J) 
is called para-Hermitian if J is skew-symmetric with respect to g. An (almost) para-Hermitian 
manifold is an (almost) para-complex manifold (M, J) endowed with a para-Hermitian met¬ 
ric g. The fundamental two-form of an almost para-Hermitian manifold {M,J,g) is the 
non-degenerate skew-symmetric bilinear form to = g{J-,-). A para-Kahler manifold is a 
para-Hermitian manifold (M, J, g) for which the fundamental two-form u is closed. In that 
case, the symplectic form oj is called the para-Kahler form of (M, J,g). 

Notice that the skew-symmetry of J with respect to g implies that J is an anti-isometry: 

rg = g{J.,J.) = -g. (2.3) 

As for usual almost Hermitian manifolds, the integrability of J together with the para- 
Kahler condition do; = 0 on an almost para-Hermitian manifold (M, J, g) is equivalent to 
J being parallel for the Levi-Civita connection of (M, g). 

Definition 3 A special para-Kahler manifold^ {M, J, g,V) is a para-Kahler manifold {M, J, g) 
endowed with a flat torsion-free connection V such that 

(i) V is symplectic with respect to the para-Kahler form, i.e., Vto = 0 and 
(a) VJ is a symmetric (l,2)-tensor field, i.e., (Vx«/)K = (VvJ)A for all X,Y. 

®More precisely, an affine special para-Kahler manifold. 
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It is proven in Q that any simply connected special para-Kahler manifold (M, J,g,'V) 
admits a canonical realization as a para-holomorphic Lagrangian immersion (j) : M ^ V = 
which induces the special geometric structures on M. Here V is endowed with the 
standard para-holomorphic symplectic form H and the standard real structure, for which 
]^ 2 n (j 2 n -g subset of real points. 

For any point p G M, there exists a global system of linear para-holomorphic coordi¬ 
nates {z^,Wi) on V which is compatible with the structures on V and has the property that 
the image 4>{U) of some neighborhood U C M of p is defined by a system of equations of 
the form 

dF 

^ ’ (2-4) 

where F = F{z^, ..., z"") is a (locally defined) para-holomorphic function of n variables. F 
is called the para-holomorphic prepotential. The compatibility of {z’',Wi) with the structures 
on V means that the coordinates are canonical for H, i.e., H ^ dz^ /\dwi, and real-valued 
on ^ c^n ^ 

Next we provide the basic definitions of para-hypercomplex geometry. 

Definition 4 An (almost) para-hypercomplex manifold is a smooth manifold M endowed 
with an (almost) para-hypercomplex structure, i.e., with three pairwise anticommuting en¬ 
domorphism fields Ji, J 2 , J 3 = J 1 J 2 £ r(EndTM), such that two of them are (almost) 
para-complex structures and one of them is an (almost) complex structure. 

An (almost) para-hyper-Hermitian manifold is an (almost) para-hypercomplex manifold 
(M, endowed with a pseudo-Riemannian metric g for which the three endomor¬ 

phism fields Ja are skew-symmetric. The quadruplet {Ji, J 2 , J 3 , g) is called an (almost) 
para-hyper-Hermitian structure. 

A para-hyper-Hermitian manifold or structure is called para-hyper-Kahler if the three 
fundamental two-forms u>a = g{Ja-, •) are closed. 


2.2 The cotangent bundle of a para-complex manifold 

Let (M, J) be a para-complex manifold. Its cotangent bundle N = T*M (as well as its 
tangent bundle) carries a canonical para-complex structure Jjsr such that the canonical pro¬ 
jection TT : N ^ M is para-holomorphic, i.e., dirJisi = Jdir. Adapted local coordinates for 
Jtv can be constructed as follows. Let (z±)i=i, •••,?!. be a system of adapted local coordinates 
for (M, J) dehned on an open set U <Z M. We can consider them as functions on the open 
set 'K~^{U) C N via the projection vr : —> M. We define new functions wf on 

which are linear on the fibers of tt and satisfy 


w. 


f[dz^^) = 5l, wf{dz^) = t). 


(2.5) 


Then {z\.,wf)i=i^,„^ri is a system of adapted local coordinates on {N, Jn), i-c.. 


Jn 


d 

dzi 


= ± 


d 

dzi^ ’ 


Jn 


d 


dwj 


= ±- 


d 


dw) 


± ■ 


( 2 . 6 ) 
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2.3 The almost para-complex structure on N associated to a connection on 

(M, J) 

A linear connection V on M defines a decomposition 

T^N = nj ®T^N ^TpM ®T*M , ^ G iV , p = 7r(0 , (2.7) 

where n : N = T*M M is the canonical projection, the vertical space 

T^N := ker = T^Np ^ Np (2.8) 

is canonically identified with the vector space Np = TpM and the horizontal space is 
identified with the tangent space to the basis via the isomorphism 

nj ^ TpM . (2.9) 

Notice that the vertical subbundle T'"N C TiV is J^r-invariant, since the projection tt 
is para-holomorphic, whereas the horizontal subbundle TC^ C TN is in general not Jn- 
invariant. This allows us to define a second almost para-complex structure by 



with respect to the canonical identification T^N = TpM © T*M, explained above. Here 
we used the standard notation J*a = a o J, for any a G TpM. More generally, we can 
define for any almost para-complex structure J. However, in the following we will 
assume that J is integrable. coincides with the canonical para-complex structure Jtv 
only if J]^Ny = TC^ . In this section we discuss necessary and sufficient conditions for the 
horizontal distribution TC^ to be JAr-invariant. 

Definition 5 A linear connection D on a para-complex manifold (M, J) is called a para- 
complex connection if it is torsion-free and satisfies DJ = 0. 

Proposition 1 Let V be a linear connection on a para-complex manifold {M,J). Then 
the horizontal distribution is invariant under the canonical para-complex structure Jn 
on N = T* M if and only if there exists a para-complex connection D on (M, J) such that 
A := V — D satisfies 

AxoJ = Ajx, (2.11) 

for all X eTM. 

Proof: We will use the following standard lemma which relates the horizontal distributions 
with respect to two connections on the same manifold. 

Lemma 1 Let V, D be two linear connections on a manifold M and A := V — D £ 
(End TM) their difference tensor. Then the corresponding horizontal distributions LC^, 
C TN in the cotangent bundle N = T*M are related by 

nj = {v:=v + Al\vGn^ ^TpM}, fGN, p = 7 r(C), (2.12) 

where AI := A^^ = ^ o A^ £ T;M ^ T^N. 


- 11 - 



As a first step in the proof of Proposition let us first settle the case when V is a para- 
complex connection. 


Proposition 2 Let V be a para-complex connection on a para-complex manifold {M,J). 
Then JnTC^ = TC^ and, hence, Jn = ■ 


Proof: Any choice of adapted coordinates on an open set U C M induces a flat para- 
complex connection D in the vector bundle T*M\u = T*U, such that Ddz\. = 0. With 
respect to the induced adapted coordinates on 7 r~^{U) C N, the horizontal and 

vertical distributions are simply 


d 


TL^ = spanj-j^-^ | i = 1,..., n} and T""N = spanj-^^—^ | i = 1,..., n} . (2.13) 


dz: 


± 


d 

9 ^ 


In particular, Jj^TL^ = TL^, and Jn = u , cf. (|2.6f). The tensor A = V — D satisfies 


AxV = AyX (2.14) 

[Ax,J]=0, (2.15) 


for all tangent vectors A, T G TpM, p G M, because V and D are para-complex. The last 
equation can be reformulated as 

(2.16) 


T* /I? — 

J , 


for all C e T*M, X G T^(g)M. 

Now we check that ( 2.14 ) and ( 2.16| ) imply the Jw-invariance of Hy. For any v = 
v + Aie nj, V enf = T^ {^)M, see Lemma [T|, we calculate 

Jxv = J^{v -\- A^) = Jv + J*A\ Jv + A'l ^ Jv -|- A"^ 


^ Jv -|- A^{Jv) Jv -|- = Jv € TiJ , 


This proves Proposition @. □ 

Now we prove Proposition ||. Let V be a connection on (M, J) such that Jx^J^ = 

The integrability of J implies the existence of a para-complex connection D on (M, J). In 
fact, as explained above, any adapted local coordinate system on (M, J) defines locally 
a flat para-complex connection. Pasting these locally defined connections by a smooth 
partition of unity, we obtain a globally dehned para-complex connection D (which, in 
general, is not flat). By Proposition we have Jx = J^, which allows us to compute for 
v = v + Ai€nJ,{venf,(€ AT): 

Jxv = J^{v + Al) = Jv + J*Al. 


Since JxTC^ = = {D | u G TL^}, we conclude that 

J* Ai — /iC 

J — /Aj^ . 


This proves that A satisfies (2.11). 
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Conversely, let D be a para-complex connection on (M, J) and V any linear connection 
on M such that A = V — D satisfies ( 2.11 ). Again, by Proposition we have Jn = 
and 


Jnv = J^{v + AI) = Jv + J*AI Jv -I- A^j^ = Jv , 
for all V G HP, ^ £ N. This shows that . 


□ 


Proposition 3 Let (M, J) be a para-complex manifold and V a torsion-free connection on 
M such that V J is symmetric. Then JnTI^ = TC^ and, hence, Jn = ■ 


Proof: The connection 

:=JoVoJ-i = JoVoJ = V + J(VJ) (2.17) 


is torsion-free, since V is torsion-free and VJ is symmetric. Therefore 

:= ^(V + V(-^)) = V + ^J(VJ) (2.18) 

is a torsion-free connection. We claim that D is para-complex. In fact, for all X G TM, 
we have 

DxJ = VxJ + ^[J(VxJ),J] 

= VxJ+^(J(VxJ)J-VxJ) 

= VxJ -'^xJ = 0 . 


Here we used that = Id and, thus, 0 = VxJ‘^ = (VxT) J -|- JVxJ- Now, in view of 
Proposition ||, it suffices to show that 


A = X - D = -^J{VJ) 


(2.19) 


satisfies (p.ll), which is equivalent to 


(Vx J) oJ = VjxJ, for all X £TM. 


( 2 . 20 ) 


This follows from the symmetry of VJ: 


(Vx J) o J = - J o (Vx J) = -J{VJ)X = {VJ)JX = V jx J. 


□ 


2.4 The almost para-hyper-Hermitian structure on N associated to a connec¬ 
tion and a para-Hermitian metric on (M, J) 

Let (M, J, g) be an almost para-Hermitian manifold and V a linear connection on M. 
Then we have the almost para-complex structure J^ on = T*M, see (2.1(]|). Using the 
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fundamental two-form u 
on N by 


g{J-,-), we define a second almost para-complex structure 


to; 



( 2 . 21 ) 


with respect to the canonical identification T^N = 
pseudo-Riemannian metric gj\f on by 


TpM © T*M 


We define also a 


9n = 



( 2 . 22 ) 


Theorem 1 Let (M, J, g) be an almost para-Hermitian manifold endowed with a linear 
connection V. Then (iV, Ji := J 2 := ■= JiJ 2 , 9 n) is an almost para-hyper- 

Hermitian manifold. 


Proof: The skew-symmetry of J with respect to uj can be written as 


J* O UJ = —LO o J , 


(2.23) 


if UJ is considered as a map 


UJ : TM T*M 

V 1 -^ Uj{v, •). 


(2.24) 


As a consequence, we obtain uj~^ o J* = — J o uj~^ and, hence, the identity J 1 J 2 = —J 2 Ji- 
This proves that (Ji, J 2 , J 3 ) is an almost para-hypercomplex structure. It is clear that Ji 
is skew-symmetric with respect to ^at, since J is g'-skew-symmetric. It remains to check 
that J 2 is fl'Tv-skew-symmetric. We have to check that the bilinear form 


9noJ2={1^_, 


0 uj-^ 
UJ 0 


0 g o oj 


-1 


< 7 ^ 00 ; 0 


Q g o UJ ^ 
J 0 


is skew-symmetric. In other words, we have to check that 

{gouj~^)* = - J. 

Notice that the symmetry of g and skew-symmetry of uj, can be expressed as 
g* =g and uj* =-uj : TM = {T*M)* T*M. 

This yields the desired identity 

{g o UJ~^)* = (uJ~^)* o g* = —uj~^ ° 9 = —{9~^ ° = —J~^ = — J. 


(2.25) 


(2.26) 


(2.27) 


□ 
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2.5 The para-hyper-Kahler structure on the cotangent bundle of a special para- 
Kahler manifold 

Theorem 2 Let (M, J, g,'V) be a special para-Kdhler manifold with para-Kdhler form w 
and {Ji, J2, J3, On) the almost para-hyper-Hermitian structure on N = T*M constructed 
in Theorem |^. Then {N, Ji, J 2 , J^-iQn) is a para-hyper-Kahler manifold. 


Proof: We have to show that the two almost para-complex structures Ji, J 2 and the almost 
complex structure J 3 are integrable and that the two-forms uia '■= gN{Ja-, ■), a = 1, 2, 3, are 
closed. By Proposition Ji = coincides with the canonical (integrable) para-complex 
structure Jjy. Since the symplectic form to is V-parallel, the almost para-complex structure 
J 2 = is represented by a constant matrix with respect to any local V-afhne coordinate 
system. This proves the integrability of Ji and J 2 . Let us now check that the corresponding 
fundamental two-forms are closed. With respect to the canonical identification TN = 
© T^N ^ TM © T*M, we have 


= 57V Jl 


(g 0 \ (j 0 
[Og-^J 1^0 J* 


(g o J 0 \ (w 0^ 

0 VO -w-^) ’ 


(2.28) 


where we have used the identity (2.26|), which implies g ^ o J* = g [—gouj ^) 


= —ui 


-1 


The equation (2.28) shows that u)i has constant coefficients with respect to any local V- 
affine coordinate system and is, therefore, closed. According to (2.25|), we have that 


0J2 




(2.29) 


To see that ijJ 2 is closed, let us choose V-afhne local coordinates ( 5 *)i=i,..., 2 n on M and 
express J in these coordinates: 



(2.30) 


The expression for J* in the dual co-frame (df?*) is the transposed matrix of (J)); 


rdq^ = J^dq^ . 

The canonical isomorphism T^N = T*M, € N, p = 7r(^), maps 

^ dQ\, 


A 

dpi 


(2.31) 


(2.32) 


where ( 5 * = Qn = is the canonical system of local coordinates of = T*M 

associated to the local coordinates (g* = q\j). Together with the equations ( 2.2£ ), ( 2.3C|) 
and ( 2.31 ) this shows that 

uj 2 = Y djdqif Adpi = Y '^*{d*dq^M) ^ dpi. (2.33) 
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From Vdq'^ = 0 and the symmetry of VJ, we obtain that the one-forms J*dq^ on M are 
closed: 

dJ*dq^ = altV((ig* o J) = (dq^) o altV J = 0 . (2.34) 

Here we used the fact that the exterior derivative is the alternation (anti-symmetrization, 
up to a factor depending on the conventional identihcation between totally skew-symmetric 
tensors and exterior forms) of the covariant derivative for any torsion-free connection. Since 
the pull back of any closed form is closed, we obtain that the one-forms TT*{J*dq^) on N are 
closed. This proves that ui 2 is closed. So we have proven that and {N,J 2 ,gN) 

are para-Kahler manifolds. In particular, Ji and J 2 are parallel with respect to the Levi- 
Civita connection of {N,gpi). Therefore, J 3 = J 1 J 2 is also parallel, and (A^, Jsj^w) is an 
indefinite Kahler manifold. □ 

Similarly, we can prove the following theorem. 


Theorem 3 Let {M, J,g,V) he a special (pseudo-)Kahler manifold with Kahler form to. 
Then the cotangent bundle N = T*M carries a para-hyper-Kahler structure (Ji, J 2 , J^,gN), 
associated to the special Kahler structure on M. With respect to the canonical identification 
( 2 ^), the complex structure Ji is given by 


Ji := =J^ = 

the two para-complex structures J 2 , J 3 are 

( 0 uj-^\ 



J2 := r = 

and the para-hyper-Kahler metric is 


oj 0 


J 3 J 1 J 2 


9n ■= 


9 0 
0 -9 


-1 


(2.35) 


(2.36) 


(2.37) 


Summarizing, we have defined two maps 

c = Cg^Q : {special para-Kahler manifolds} —> {para-hyper-Kahler manifolds} (2.38) 
c = : {special Kahler manifolds} —> {para-hyper-Kahler manifolds} (2.39) 

{M,J,g,V) ^ c{M,J,g,V) := {N, Ji, J 2 , J 3 ,9n) , (2.40) 


which we call the (affine) para-c-maps. We can compose them with the two r-maps 

'>' 3+1 ■ {affine very special real manifolds} —> {special Kahler manifolds} (2-41) 

^ 4+0 ■ {affine very special real manifolds} —> {special para-Kahler manifolds} (2.42) 

(see in and references therein), obtaining two maps 

„4+l .— ^3-1-1 „4-|-l J „4-|-0 „4-|-l . 

93+0 ''3-1-0 “ '3+1 Cg_,_Q o /4^Q . 

{affine very special real manifolds} —> {para-hyper-Kahler manifolds} . (2.43) 

We call q'^i^.Q the para-( 7 -map. This is justified by the following proposition, which follows 
from the discussion in section ^ 
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Proposition 4 For any affine very special real manifold L, the para-hyper-Kdhler mani¬ 
folds (cg^Q o r3]jj})(L) and (cg^Q o r4lj]Q)(L) are canonically isometric. 

Remark 1: Let {M, J, g,'V) be a special (para-)Kahler manifold. Then 

(M, J, eg, := (aid + 6J) o V o (old + bJ)-\ (2.44) 

is again a special (para-)Kahler manifold, for all a, 6, c £ M such that 


(aid + 6J)(aId — bJ) = ±Id and c ^ 0 . 


(2.45) 


As a consequence, applying the para-c-map to the (non-connected) family (M, J, eg, 
provides a family of para-hyper-Kahler structures on = T*M, which depends on two 
parameters. In addition, we also have the trivial freedom of multiplying the metric gi\f by 
a non-zero constant. 

Comparing the formulae ( 2.22|) and ( 2.37|) for the para-hyper-Kahler metrics g^ ob¬ 
tained by the para-c-maps Cg^Q and Cg^J, respectively, one may wonder about the different 
sign in front of the inverse metric. As we shall explain now, the plus sign in front of g 


^ in 


( 2.22 ) can be converted into minus by a Ji-holomorphic diffeomorphism V’ of N. In fact, 
the map J* : T*M ^ T*M defines a diffeomorphism of N = T*M. Its differential dijj 
preserves the vertical distribution T^N and maps the horizontal distribution hffi with re¬ 
spect to the connection V to the horizontal distribution hffi' with respect to the connection 
V' = J o V o J~^. The differential dif^ : T^N —> T^N at the point ^ £ A is given by 


df}^ = 



where the domain and target are identified as (2.7) and 


T(N = m 


I T^N ^ TpM © T*M , 


(2.46) 


(2.47) 


respectively. Using this, one can easily check that the diffeomorphism transforms the 
para-hyper-Kahler structure {gn, Ji, J 2 , J 3 ) defined by the para-c-map c|^q, with respect 


to (|2.7[) , trivially to (^at, Ji, J 3 , — J 2 ), with respect to (|2.47|) , and maps the para-hyper- 
Kahler structure (g^ = diag{g, g~^), Ji, J 2 , J 3 ) obtained by the para-c-map Cg^Q to a new 
para-hyper-Kahler structure {g'j^ = diag( 5 r, —g~^), J[ = Ji, J^-, J 3 ), where 


4 = - 



and Jg = J(J 2 = 



(2.48) 


with respect to (2.47) 


2.6 The Euclidean para-c-map in the para-holomorphic parametrization 

Later on we shall compare the para-c-map Cg^Q introduced in the previous section to the 
sigma models which occur in the dimensional reduction of the Euclidean vector multiplet 
lagrangian from four to three dimensions, followed by dualization into a hypermultiplet 


- 17 ~ 













lagrangian. We shall find that they coincide up to a simple redefinition using the freedom 
discussed in Remark 1. For this it is useful to express the geometric data in terms 
of canonical para-holomorphic coordinates, which correspond to the para-complex scalar 
fields obtained from the dimensional reduction. This is accomplished in this section. The 
analogous results in the Minkowskian case are given in the next section. 

Let (M, J, < 7 , V) be a special para-Kahler manifold and (Ji, J 2 , J 3 ,gN) the para-hyper- 
Kahler structure on N = T*M constructed in Theorem The geometric structure of 
M is locally completely specihed by the para-holomorphic prepotential F = F{z) with 
respect to some system of special para-holomorphic coordinates z = (z*). Let {z^,Wi) be 
the canonical Ji-para-holomorphic local coordinates of 

N = T*M ^ C T*M (g) C = (2.49) 


associated to the special coordinates (z*) on M. 

Proposition 5 The expression for the para-complex structure J 2 on N in the canonical 
para-holomorphic coordinates {z^,Wi) is the following: 

J^dz^ = -2e N^^dwj - eFjkiN^^iwm - Wm)dz^), (2.50) 

where (W-^) is the inverse of the matrix {Nij), with matrix elements Nij = e{Fij — Fij). 

Proof: Let us first express the para-complex structure J 2 in canonical coordinates {q°',Pa) 
on N = T*M associated to a system of V-afhne local coordinates (g“) on M. We choose 


iq°',Pa) = {x\yi,Xi,f), (2.51) 

where 

z* = x* + eu* and Fi = pi -\- evi. (2.52) 

Then the para-Kahler form uj = g{J-, •) of M takes the form 

uj = 2 dx^ h, dpi (2.53) 

and, hence, 

J^dx^ = ’ J^dUi = --dxi. (2-54) 

This allows us to compute the left-hand side of (|2.50|) : 


J^dz^ = J^idx^ + edu^) = ^ 


du^ _ 

7 ^—" dp-^ — -z — dxj 
dx^ dpj ^ 


' du^ 


1 


= -x- 7 —dxj + - d) + 677-- dp^ . 


2 dp 


du^ 


dx^ 


(2.55) 


Notice that, in order to lighten the calculations, we are using Einstein’s summation con¬ 
vention. The imaginary part of the equation ddF = 0 yields the useful identity 


_ dvj 
dx^ dpi ’ 


(2.56) 
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which shows that 


j du'- j dvj d - - dz^ - dvf^ 

S] + e— = = —Fi = Fjk— = -eFi. 


dx^ 


dyi dyi 


dvi 


"jk 


Decomposing the last equation in real and imaginary parts yields 

Rjk^ = -2^ and Njk^ = 26], 
uyi ux^ ^Vi 


dyi 


where 


In particular, we have 


R-ij ■— Fij + Fij . 

du^ 


dyj 


= 2m . 


Using (1^) , (p37D and (|2]^ we can rewrite 


e - du^ 


= -emdxj - ^Fjk^dy^ 
2 ^ dyi 

= -em{dxj + Fjkdf). 


(2.57) 


(2.58) 


(2.59) 

(2.60) 


(2.61) 


In order to check that this coincides with the right-hand side of ( 2.50| ), let us first 
rewrite Wi as a function of the real canonical coordinates {q°',Pa) = ,yi, Xi,y^). The real 
canonical coordinates {q°‘,Pa) are related to the para-holomorphic canonical coordinates 
{z^,Wi) via the identification 


a = padq'^ ^^{a + eJ*a) = Widz\ (2.62) 

We have 

1 1 

a = Padq^' = Xidx^ + y^dyi = -Xidz^ + -y^Fijdz^ -|- c.c.. (2.63) 

Similarly, using the equations 


J*dx^ = dti*, J*dyi = dvi , 

(2.64) 

one obtains ^ ^ 

eJ*a = -Xidz’' + -y^Fijdz^ — c.c.. 

(2.65) 

Thus 

1 1 

Widz"- = -{a + eJ*a) = -^{xi + y^Fij)dz^. 

(2.66) 

This shows that ^ 

Wi = Wi{x, y, X, y) = -{xi -|- ffFij ), 

(2.67) 

where Fij = Fij{z) and z* = z^{x,y). In particular. 


e{wi - Wi) = ^fNji 

(2.68) 
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and, hence, 


dwi - eFijkN^\wi - wi)dz^ = dwi - -y^Fijkdz^ = -{dxi + Fijdy^). (2.69) 

Therefore, the right-hand side of ( |2.5[1| ) is given by 

-2eN^^idwj - eFjkiN’^^iwm - w^)di) = -eN^^{dxj + Fjkdy^). (2.70) 

Comparing this with ( |2.61 ) yields ( 2.5C| ). □ 

In order to compute the para-hyper-Kahler metric of N in the para-holomorphic co¬ 
ordinates (z\wi), it is useful to introduce a para-unitary co-frame 


with respect to the sesquilinear para-Hermitian metric® 


(2.71) 


h := g + eu = — Njjdz^dz"^ (2.72) 

on (M, J), i.e., 

Nij = -Y,e^jFj. (2.73) 

From now on, we shall distinguish the holonomic from the para-unitary co-frame by capital 
and lower case indices, respectively. We also put 


Ei-.= 2'^el{dwi-eFijKN'^^{wL-WL)dz^), (ef) = (e})^. (2.74) 

Notice that ^ e® A Flj = 2 ^ dz^ A dwj. 

Now we express the full para-hyper-Kahler structure on N in the co-frame of 

AjfT*N. 

Theorem 4 Let {M,J,g,'V) be a special para-Kdhler manifold and (Ji, J 2 , <^ 3 ; ffA^) the 
para-hyper-Kahler structure on N = T*M constructed in Theorem |^. In the co-frame 
{e^,Ei), the para-hyper-Kahler strueture has the following expression: 


(i) The para-hypercomplex structure (Ji, J 2 , >^3 = J 1 J 2 ) is given by 

JfE = ee®, JfEi = eEi (2.75) 

Jse® = eEi , 4Ei = -ee® . (2.76) 


(ii) 


The Ji-sesquilinear para-Hermitian metric Ln ■= gN + euji, u)i 
by 

hN = ^{e^e^ + E,Ei). 


gN{Ji-, ■), is given 


(2.77) 


®The minus sign is due to the conventions of Ch. 2 of |Q|, see equation (2.2) there. 
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Proof: (i) follows from Proposition |^. 

(ii) /lAT is the unique Ji-sesquilinear form such that Kehjy = g^. Therefore it is sufficient 
to check that 


qn — Re + EiEi). 

In order to check this, we calculate the right-hand side in the real coordinates 
first term is 


(2.78) 
(|]5l|). The 


c, = Re ^ (2.79) 

= Re {—Njjdz^dz'^) 

= - dx'd:,-’ + 2 dxUyj + dyjdyj . 

The second term is 


Re'^EiEi (2.80) 

= -4N^'^{dwi - eFjKiN^^iwM - WM)dz^){dwj - eE jnpN^^{wq - WQ)d:z^) 


P = {Pj) = {^), Q = {Q^^) = {^, 

Re^(eV + .Ei^i) : 


_ tdu^' 


we can write 


where 


9 0 

0 ’ 


= -N^^dxjdx'^ - RKjdxidy-^ + {{Nij - RikN^^RL j)dy^dy-^ , 

where we used ( [2.691 ). Observe that (2.79) and ( 2.80D do not contain terms which mix 
{dx^,dyj) with {dxi,dy'^). For the following manipulations it is convenient to use matrix 
notation. Defining 

(2.81) 
(2.82) 

(2.83) 

(2.84) 

(2.85) 

( 2 . 86 ) 


and 


9 = 


9 =- \ 1 


-N + P'^NP P'^NQ\ 
Q'^NP Q^NQ) 


N 


-1 


liV-iR 


RiV-i -\{N-RN-^R) 


Now we use the two identities (^ 


in order to rewrite g: 


9 = 


RQ = -2P^ , NQ = 2 1 , 

^ -N + RN-^R -2RN-^ 

-2N-^R AN-^ 


Then it is easy to see that gg' = +1, so that the right-hand side of ( 2.78 ) takes the form 

(2.87) 


9 0 \ 

.-1 = 3n 


0 9 - 


□ 
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2.7 The Minkowskian para-c-map in the holomorphic parametrization 

For completeness and future use, we now extend the results of the previous section to 
the case of the second para-c-map Cg^J. We shall see later that this corresponds to the 
dimensional reduction of the four-dimensional Minkowskian vector multiplet lagrangian 
along a time-like direction to three Euclidean dimensions, followed by the dualization into 
a hypermultiplet lagrangian. 

Let (M, J, g, V) be a special Kahler manifold and (Ji, J 2 , the para-hyper-Kahler 

structure on = T*M constructed in Theorem We denote by F the holomorphic 
prepotential with respect to some local system of special holomorphic coordinates (z*) 
on M and by {z^^Wi) the corresponding canonical Ji-holomorphic local coordinates of 
N = T*M ^ C T*M (g) C. 


Proposition 6 The expression for the para-complex structure J 2 on N in the canonical 
holomorphic coordinates {z'^,Wi) is the following: 

J^dz^ = -2y/^^N^\dwj - - Wm)dz ^), ( 2 . 88 ) 

where (W-^) is the inverse of the matrix {Nij), with matrix elements Nij = ^y—l{Fij — Fij). 

Proof: Let us first express the para-complex structure J 2 in the canonical coordinates 
(x*, yi, Xi, y®) associated to the V-affine local coordinates (x*,yi) on M, where now 

z® = X® -|- and Fi = pi y/^Vi. (2.89) 

If the Kahler form of M is dehned as uj = g{-,J-), it takes the same form 

00 = 2 ^ dx® A dpi (2.90) 


and, hence, (2.54) still holds. This allows us to compute the left-hand side of (2.88); 

j^dp = -^^dxj v^^)dp^. 


2 dpj 


' dx^ 


(2.91) 


Using the identity ( p.56 ), which holds for special Kahler manifolds, as well as for special 
para-Kahler manifolds, we obtain now that 


•’ ox^ api 


(2.92) 


Decomposing the last equation in real and imaginary parts yields again (2.58) and, in 
particular, 

^ = 2 m . (2.93) 

dVj 


Using (|2.91|) , (p.92[) and (|2.93D we can rewrite 

J^dz® = -v/^W^(dxj + Fjkdf) 


(2.94) 
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In order to check that this coincides with the right-hand side of (2.85), let us again 
rewrite Wi as a function of the coordinates {q°',Pa) = The real coordinates 

{q°',Pa) are now related to the holomorphic coordinates {z^,Wi) via the identification 


T*M ^ A^’°T*M, a = padq^ ^ “ V^J*a) = Widz^. 


Using the equations 
we now obtain 


and, thus, as before, 


J*dx^ = — dti*, J*dyi = —dvi 


a = + ^y^Fijdz^ + c.c. 

\/—lJ*a = -{-Xidz^ + -y^Fijdz^ — c.c.) 


Widz^ = ]-{a- 'sT^To) = + y^Fij)dz'‘. 


This shows, in particular, that 


and, hence. 


V^{wi - Wi) = -y^Nji 


(2.95) 

(2.96) 

(2.97) 

(2.98) 

(2.99) 

( 2 . 100 ) 


dwi - ^/^FijkN^\wl - wi)dz^ = dwi - Fijkdz^ = ^(dx* + Fijdff). (2.101) 

Therefore, the right-hand side of ( |2.88| ) is given by 

-2^/^N^^{dwj - y/^FjkiN^'^{w„, - Wm)df) = -^/^N^^{dxj + Fjkdf). (2.102) 

Comparing this with (|2.94| ) yields ( 2.8^ ). □ 

In order to compute the para-hyper-Kahler metric of N in the holomorphic coordinates 
{z^,Wi), it is useful to introduce a (pseudo-)unitary co-frame 

F = '^e}dz^, (2.103) 

with respect to the sesquilinear (pseudo-)Hermitian metric 

h = g + eu) = —Nijdz^ dz’^ (2.104) 

on (M, J), i.e., 

Nij = - ^ , {mj) = diag(lfc, -h) (2.105) 

where {k, 1) is the signature of h. We also put 

Ei := 2 el{dwj — yj —IFukN'^^{wl — WL)dz^) and := (2.106) 

where 

(4) = and (r/*^) = . (2.107) 

Now we express the full para-hyper-Kahler structure on N in the co-frame (e*,K*) of 
A]jfT*N. 
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Theorem 5 Let {M, J, g,V) be a special Kohler manifold and {Ji, J 2 , J 3 , On) the para- 
hyper-Kdhler structure on N = T*M constructed in Theorem |^. In the co-frame 
the para-hyper-Kabler structure has the following expression: 

(i) The para-hypercomplex structure (Ji, J 2 , J 3 = J 1 J 2 ) is given by 

J*e* = \/^e*, = V^E^ (2.108) 

J*E = , J^E^ = ^/^e*. (2.109) 


(a) The Ji-sesquilinear (pseudo)-Hermitian metric h^ '■= gN + ewi, wi = fl'Ar(Ji-,-); ts 
given by 

= '^pijie^e^ - E^P). ( 2 . 110 ) 

Proof: (i) follows from Proposition |^. 

(ii) Ln is the unique Ji-sesquilinear form such that Re/iAr = gjsf. Therefore it is sufficient 
to check that 

= Re VijiEe^ - E^P ). (2.111) 

In order to check this, we calculate the right-hand side in the affine coordinates. The hrst 
term is 


5 = Re^e*e* (2.112) 

= —Re [NjjdzPP) 

= - (JV,. + d^‘dx’ - 2 <Wdyj - (^JVi-tl^) dy,dyj 

The second term is 

-Re'^EiP (2.113) 

= 4Re {N^-^{dwi - iFiKiN^^ {wm - WM)dz^){dwj - iE jnpN^^{wq - WQ)dz^)) 

= N^-^dxjdP -h Rxjdxidy'^ -\- l{Nij -\- RjkN^^RL j)dyPy^ , 


where we used that ( |2.101 ). Following the same steps as for the Euclidean para-c-map, the 
metric takes the form ( |2.37| ): 

'9 0 \ 


9n — 


0 -g 


-1 


(2.114) 

□ 


3. Dimensional rednction of the fonr-dimensional vector mnltiplet 
lagrangian 

In this section we obtain physical realizations of both para-c-maps by the dimensional 
reduction of four-dimensional vector multiplet lagrangians, which are reviewed in Section 
3.1. In Section 3.2 and 3.3 we start with the bosonic part of the four-dimensional Eu¬ 
clidean vector multiplet lagrangian, whose scalar target manifold is a special para-Kahler 
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manifold M. After dimensional reduction and dualization of the gauge fields we obtain 
a sigma model whose target space N is seen to be para-hyper-Kahler by comparison to 
the results of the previous section. This gives us a physical realization of the Euclidean 
para-c-map Cg^Q : M ^ N. In Section 3.4 we discuss the reduction of the four-dimensional 
Minkowskian vector multiplet lagrangian over time. Here the target space M of the four¬ 
dimensional theory is special Kahler/ while the target space N of the Euclidean three- 
dimensional theory is again para-hyper-Kahler. Thus we obtain a physical realization of 
the Minkowskian para-c-map Cg^g : M ^ N. 

3.1 Four-dimensional bosonic lagrangians 

It was shown in |j|] that the general lagrangian for M = 2 vector multiplets can be written in 
a uniform way for both dimension 3-1-1 (Minkowski space) and dimension 4 -|- 0 (Euclidean 
space). In the so-called new conventions, the bosonic part of the lagrangian takes the 
following form: 

£ 4 + 0 / 3 +! = -lNij{X,X)dmX^d'^X'^ 

-i . (3.1) 

The symbol t represents the para-imaginary unit e, = 1, in Euclidean signature and 
the imaginary unit i = in Minkowski signature. The space-time indices m,n,... 

take the values 1,..., 4 in Euclidean and 0,..., 3 in Minkowski signature, while the index 
I = 1,... ,n labels n vector multiplets. The scalar fields X^ are (para-)complex, and X^ 
denote the (para-)complex conjugated fields. The field strength F^^ have been split into 
their selfdual and antiselfdual parts with respect to the Hodge-*-operator, according to 

^llmn = h ± I^mn) • (3-2) 

Here is the dual field strength, and the convention for the e-tensor 

is 61234 = 1 for Euclidean signature and €9123 = 1 for Minkowski signature. Note that in 
Euclidean signature the (anti)selfdual field strengths are para-complex and have eigenvalues 
±e under the Hodge-*-operator. This non-standard definition is necessary in order that 
the Euclidean lagrangian takes the same form as the Minkowskian one.® 

All the couplings in the lagrangian are encoded in a single (para-)holomorphic function 
of the scalar fields, the prepotential F{X). We adopt the following standard definitions: 

(3.3) 

and 

/V/j = t [Fij - Fjj) , Rjj = Fjj + Fjj . (3.4) 

^The calculation also applies to special pseudo-Kahler manifolds, i.e., to the case of indefinite signatures. 
®In 0 we also rewrote the Euclidean lagrangian and supersymmetry transformation rules in a form 
where all bosonic fields are real and the para-complex unit e does not appear. But then the complete 
analogy with the Minkowskian theory is lost. 
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The scalar part of the lagrangian ( |3.1|) is a sigma model, i.e., the scalar fields can 
be interpreted as the compositions of a map X from space-time into a (para-)complex 
manifold M with the (para-)holomorphic coordinate maps . From the lagrangian we can 
read off that M is equipped with a (para-)Hermitian metric® g = Re/i, where 

h = -NijdXUX'’ . (3.5) 

Moreover the relations (|3.3D and ( |3.4D imply that this metric is in addition (para-)Kahler 
and in fact special (para-)Kahler, because it has a (para-)Kahler potential K{X,X), 

(3,6) 

which is determined by the (para-)holomorphic prepotential, 

K{X, X) = t[FiX^ - X^Fi) . (3.7) 

As mentioned below Definition 3 in Section 2, the existence of a (para-)holomorphic pre¬ 
potential is equivalent to M being special (para-)Kahler. More details and references can 
be found in |j^], where we also give the full lagrangian, including all fermionic terms and 
the supersymmetry transformation rules. 

3.2 Dimensional reduction of the Euclidean lagrangian 

We will now perform the dimensional reduction of the Euclidean lagrangian The 

vector potential of the four-dimensional field strength decomposes 

into a three dimensional vector A^, a = 1,2,3 and a scalar p^: 

(AL) = ■= ^4 = • (3.8) 

The resulting three-dimensional lagrangian is 

= -iNjjdaX^daX^ - ^NijdaP^dap-^ 

+ \RijdaP^eabcF^c - l^ijFibF^f, , (3.9) 

where F^j^ = daA^ — d^A^. The three-dimensional e-tensor eabc is normalized such that 
ei23 = 1- 

In three dimensions we can dualize the n abelian vector fields A^ into n scalar fields 
sj, so that we obtain a dual lagrangian which depends on 4n real scalar fields. We first 
introduce the dual gauge fields 

Fa ■— 2^abcFbc -^ab ~ ^abcH^ ■ (3.10) 

Then we promote the Bianchi identity (-ahcdaFl^ = 0 of the field strength F^^ to a field 
equation, using Lagrange multiplier fields s/: 

_ ^0 = + daSiHi . (3.11) 

®For a Minkowski signature theory with standard kinetic terms, Njj is positive definite, while the metric 
g is negative definite. But all the results derived in the following apply to arbitrary signature. 
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As usual, the field equation for sj is the Bianchi identity for which can be solved by 

introducing the vector potential A^. Plugging this back into we recover £^+|>. But 
instead we can hrst solve the equation of motion for which is 

Hi = N^-^daSj + N^-^RjKdaP^ , (3.12) 

where is the inverse of the matrix Njj. Plugging this into we obtain the dual 
lagrangian 

^ 3^0 = -\NijdaX^daX-^ - \NijdaP^daP^ 

+ \RikN^^ RljdaP^ dap-^ + \N^-^daSldaSj 
FN^^RKjdaSidap-^ . (3.13) 

The lagrangians and are dual in the sense that they give rise to equivalent field 
equations despite that they have a different field content. Hence, they are interpreted as 
two different lagrangian descriptions of the same theory. Note that they are not related by 
a local field redefinition. Thus the duality is not a symmetry of a given lagrangian. 


3.3 The para-hyper-Kahler geometry of the reduced lagrangian 


The dual lagrangian depends on 4n real scalar fields Re(X^), Im(A^),p^, s/. We denote 
the resulting target space by N, and our goal is to prove that N is (for given M) isometric 
to the para-hyper-Kahler manifold N constructed in Section 2. 

Since half of the real fields, namely those parametrizing M, combine into the para- 
complex fields A^, it is natural to wonder whether one can also combine the real fields 
p^,sj, which were obtained by dimensional reduction, into para-complex fields, such that 
the metric of N is para-Hermitian. This is indeed possible: defining n para-complex fields 
Wi by 

= \ [si + Rijp-^ -h eNjjp-^) = Isi + Fjjp-^ , (3.14) 


the lagrangian (^.13) takes the form 


mi = -\NijdaX^daX^ 

+ {daWi - eFjKpN^^iWM - 

■{daWj-eFjLQN^^{WN-WN)daXQ)) ■ (3.15) 


From this one reads off the sesquilinear para-Hermitian metric of N: 


h'^ = -NijdXUx-^ + AN^-^ {dWi - eFiKpN^^{WM - WM)dX^) 

■{dWj-eFjLQN^^{WN-WN)dXQ) . (3.16) 

Given ( p.l4 ), the verification of ( p.lSj ) is straightforward, though somewhat tedious. When 
performing the calculation, it is useful to note the identity 


N^^FikFjlS^^ = \ {N^^RikRjl - Nkl) 
which holds for any symmetric matrix . 


(3.17) 
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Since the choice ( |3.14 ) is not so obvious, let us add the following remarks. The idea is 
to find para-complex fields Wi such that the resulting metric is manifestly para-Hermitian, 
i.e., the purely (anti-)para-holomorphic components vanish identically. Once we decide 
that Si is contained in the real part of Wi, we know that p'^ must be present in the 
imaginary part, and the coefficient must be adjusted in such a way that all purely (anti- 
)para-holomorphic terms cancel. It is easy to see that this coefficient must depend on , 
and the obvious candidates are Fjj and its real and imaginary part. 

The fields , Wi can be viewed as compositions of maps from space-time to N with 
corresponding para-holomorphic coordinate maps z^,wi. In comparison to Section 2, the 
para-holomorphic coordinates {z^,wi) define an identification of the target space N with 
the para-holomorphic cotangent bundle = T*M. This identification^^ defines a 

para-complex structure J[ on N for which the coordinates {z^,wi) are para-holomorphic. 
Moreover we have found a metric = Re h'jy which is para-Hermitian with respect to J[. 
In fact it is easy to see that g'j^ is para-Kahler with respect to J[, because 


K = -e{FiX^ - FiX^) - 2N^\Wi - Wi){Wj - Wj) 


is a J(-para-Kahler potential; 


h'j^ = ddK , 


where 


d = dX^ 


^ +dWr ^ 


and d = dX^ 


^ +dWr ^ 


(3.18) 


(3.19) 


(3.20) 


dX^ ' dWi dX^ ' '^ "^dWi 

In order to show that g'j^ is even para-hyper-Kahler we would have to proceed as follows: 
first, find a second para-complex structure J 2 which anticommutes with so that J 3 = 
J(J 2 is a complex structure. This gives us an almost para-hypercomplex structure (see 
Definition 4 in Section 2). Second, verify that ^{,^2 anti-isometries of while J 3 
is an isometry, so that we have an almost para-Hermitian-structure. Finally, check that 
the three corresponding fundamental two-forms are closed. By a variant of the so-called 
Hitchin lemma this implies that the are integrable and parallel, so that g'^ is a para- 
hyper-Kahler metric. Note that as the starting point for all these calculations we would 
have to make an educated guess for first. But now we can profit enormously from the 
results of Section 2. By comparing (3.16) to ( |2.78| ),( |2T9 ) and ( 2.8[1| ) we see that metric 
obtained by dimensional reduction of the lagrangian takes the form 


g'^ = Reh)v = Re ^(eV - E,Ei) 


(3.21) 


where e* and Ei are given by ( 2.71 ), (|2.73|) and (p.74D , respectively. Now we can use 
Theorem 4 in combination with Remark 1. Let {M, J, g,X) be the special para-Kahler 
manifold underlying the four-dimensional lagrangian. Then (M, J, g, V') with X' = J o V o 


Equivalently, we could have used the real coordinates associated with the scalar fields 
(Re X\ Re Fj, si, 2p^) to identify the target manifold N with the cotangent bundle T* M. This identification 
yields the same para-complex structure J[ on N, namely, the canonical one induced by the para-complex 
structure J on M. The factor 2 in front of is chosen such that the above scalar fields correspond to the 
coordinates {x^,yi,xi,y^) of Section 2, cf. (^.66|) and (|3.1^). 
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J~^ is also a special para-Kahler manifold, to which we can associate, by Theorem 4, a para- 
hyper-Kahler manifold {N, J^^qn) with metric Qn = 9 ® 9~^ = Re + E[e[), where 

the decomposition of TA^ is defined by Vb By the diffeomorphism {X^, Wj) —> {X^^eWj) 
of Remark 1, this manifold is mapped to the para-hyper-Kahler manifold {N, with 

metric g'j^f = g ® {—g)~^ = ReX](e*^ — EiEi), where the decomposition of TN is defined 
by V. According to ( |3.16 ) this is the para-hyper-Kahler manifold which is associated, 
through dimensional reduction of the four-dimensional lagrangian, to the special para- 
Kahler manifold (M, J, V). In particular, the metric ( 3.16| ) is para-hyper-Kahler and the 
(para-)complex structures Jq, and (para-)Kahler forms cUq, can be read off from the formulae 
derived in Section 2. Moreover, we see that the dimensional reduction of lagrangians 
provides a physical realization of the Euclidean para-c-map Cg^Q of Section 2. 


3.4 Reduction of the Minkowski lagrangian over time 

The second way to define a three-dimensional theory with signature 3 -|- 0 is to reduce 


the Minkowskian version of (^) over time. Since this is very similar to the reduction 
we discussed above, we only mention some key formulae.The decomposition of the 
four-dimensional gauge field is 


= = a = 1,2,3 


(3.22) 


and the reduced lagrangian is 


ElXl = -^NjjdaX^daX-^ + ^NijdaP^dap-^ 
-\RijdaP^eabcF^c - ■ 


(3.23) 


As in Section 3.2, we introduce dual gauge fields by ( p.lO ) and promote the Bianchi identity 
to a field equation using a Lagrange multiplier: 


£ 3 - 1-1 _ £ 3+1 _ o ttI 
'‘-' 3+0 ~ '‘-'. 3 +n '-’a^ina ■ 


- 3+0 


(3.24) 


Note that we took a different relative sign on the right hand side compared to ( 3.11 ). This 
has been done for later convenience. The prefactor of this term does not have an intrinsic 
meaning, as it can be compensated by rescaling the field si. 

Integrating out the gauge fields we obtain the dual lagrangian 

>C 3:^0 = -\NljdaX^daX'^ + \NijdaP^daP^ 

+\RikN^^ RljdaP^ daP'^ + ^N^-^daSjdaSj 


RKjdaSjdaP'^ 


(3.25) 


The structure of this lagrangian is similar to the one of ( p.l3 ) but differs in its distribution 
of relative signs. Since M is now complex rather than para-complex, while p^ comes from 


also refer to |Q| for a detailed comparision between the dimensional reduction over time compared 
to the dimensional reduction over space. 
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the time-like component of a gauge field, the kinetic terms of both Re(X^) and Im(X^) 
have the same sign, while and sj come with the opposite signd^ 

As already in the original sigma model with target space M, 2n of the real scalars 
combine into the n complex scalar fields . The other 2n real scalars p^,sj can be 
combined into n complex scalar fields by 


Wi = \ (s/ + Rijp"^ + iNijp-^) = is/ -I- Fjjp'^ , 


and by rewriting the dual lagrangian (|3.25) in terms of these fields we obtain 


= -\NijdaX^daX^ 

+ {daWi - iFjKpN^^iWM - WM)daXP) 
• {daWj - iFjLQN^^iWN - WN)daX^)) • 


(3.26) 


(3.27) 


The corresponding metric qn on is readily seen to coincide with the metric specified by 
(2.111), ( 2.112|) , (2.113), which we obtained in Section 2.7 by applying the Minkowskian 
para-c-map to the special Kahler manifold M. In particular, is para-hyper-Kahler. 

Note that the para-hyper-Kahler metrics which can be obtained by the para-c-maps 
are not the most general para-hyper-Kahler metrics, but only a subset. This is clear 
from the large number of isometries. In particular, constant real shifts of the fields Wj 
obviously preserve the lagrangians ( |3.15|) , (|3.27 ). More generally, looking at ( p.l3 ), ( 3.25| ), 
we see that constant shifts of the fields p^,sj are manifest symmetries of the lagrangian. 
Geometrically this corresponds to the fact that translations in the fiber coordinates {xj,y^) 
are isometries of the metric ( 2.22 ), ( 2.37 ), cf. footnote IT. Physically, these isometries 


correspond to the gauge symmetries of the gauge helds which have been transformed 
into the scalars p^,si by dimensional reduction and dualization. Since it is well known 
that for Minkowskian hypermultiplets any hyper-Kahler manifold is an admissible target 
space, we conjecture that any para-hyper-Kahler manifold is an admissible target space 
for Euclidean hypermultiplets. The analogous result for vector multiplets was proven in 
Q, and we expect that our conjecture can be proven by similar methods. Also note that 
the scalar geometry of a hypermultiplet is inert under dimensional reduction, because it 
does not contain bosonic fields other than scalars. Therefore we can lift our lagrangian to 
(4-|-0) dimensions. We expect that this extends to the fermionic part of the lagrangian in the 
same way as it works for Minkowskian hypermultiplets [^]. Moreover one should be able 
to dimensionally lift the action to higher-dimensional Euclidean supersymmetric actions 
up to the point where no Euclidean supersymmetry algebra with eight real supercharges 
exists. 

One should expect that the dimensional reduction of four-dimensional vector multi¬ 
plets does not give the most general hypermultiplet manifolds. The reason is that we used 
a ‘classical’ dimensional reduction where we ignored all the massive Kaluza-Klein states. 
In an exact treatment one would have to integrate them out, which results in modified 


^^Here we assume that Nij is positive definite. The generalization to indefinite signature is straightfor¬ 
ward. 
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couplings between the lower-dimensional massless fields. Put differently, the metric which 
we computed is the classical approximation of the full metric, which also receives pertur¬ 
bative threshold corrections from integrating out massive fields. Moreover, there will also 
be non-perturbative corrections due to field configurations with finite action, which wind 
around the compact direction. Such instantons are expected to break the continuous shift 
symmetries which we discussed above to a discrete subgroup. Therefore we expect that 
after the inclusion of these corrections, the hypermultiplet manifolds are more generic than 
those constructed here. The investigation of such manifolds will be postponed to future 
work. 

Following the terminology used for hyper-Kahler manifolds we will call those para- 
hyper-Kahler manifolds which can be obtained by one of the para-c-maps special para-hyper- 
Kdhler manifolds. There is no reason to believe that if a para-hyper-Kahler manifold can 
be constructed by one of the para-c-maps, it can also be constructed by the other. While 
we have a lot of freedom in choosing M (we can pick any holomorphic or para-holomorphic 
function, respectively), the construction of = T*M is then completely fixed. However, 
there is a subclass of the special para-hyper-Kahler manifolds which can be obtained by 
both para-c-maps. The reason is that we can start with a five-dimensional vector multiplet 
lagrangian and first reduce over time and then over space, or vice versa. As the result of 
the dimensional reduction should not depend on the order of steps, this gives us the desired 
subclass of very special para-hyper-Kahler manifolds. This will be the subject of Section 4. 

In Q we showed that the full vector multiplet lagrangian can be written in a uniform 
way, which applies to both Minkowski and Euclidean signature. Here we note a similar 
result for the bosonic part of hypermultiplet lagrangians. Indeed, using the symbol t, the 
lagrangians and take the following formd^ 


/:4-|-0,3+l 
-^3-1-0, 3+0 


= -^NijdaX^daX-^ 

+ {daWl - iFiKpN^^iWM - WM)daX^) 

• {daWj - tFjLQN^^iWN - WN)daX^)) . 


(3.28) 


The corresponding sigma model metric qn = Re/iAr is the real part of 

hN = -NijdXUx-’ + {dWi - tFiKpN^^iWM - WM)dX^) 

■[dWj-iFjLQN^^{WN-WN)dX^) . (3.29) 


The (para-)Kahler potential of qn with respect to the (para-)complex structure Ji is 


with 


where 


K = -t{FiX^ - FiX^) - 2N^-^{Wi - Wi){Wj - Wj) 
h^ = ddK 


d = dX 


I d 


dX^ 


+ dWi 


d 


dWi 


and B = dX^ „ , -|- dWj 


dXi 


dWi 


(3.30) 

(3.31) 

(3.32) 


^At this point the different signs in (3.11) and (3.24) turn out to be convenient. 
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This reflects that in the framework of complex-Riemannian geometry hyper-Kahler and 
para-hyper-Kahler geometry can be interpreted as real forms of the same complex geometry. 
We expect that this will be useful when extending the above result to the full hypermultiplet 
lagrangian. 


4. Dimensional reduction of the five-dimensional vector multiplet 
lagrangian 


In 1^ we discussed the dimensional reduction of the general lagrangian for (4+l)-dimensional 
vector multiplets with respect to both time and space. The resulting (4 + 0)-dimensional 
and (3 + l)-dimensional lagrangians are of the type (H- In both cases one can perform a 
further reduction to 3 + 0 dimensions, and one expects that the resulting lagrangians are 
equivalent. We will now verify this for the bosonic parts of the lagrangians. 

The bosonic fields of the five-dimensional lagrangian are n real scalars and n gauge 
fields where /r = 0,..., 4. All couplings are encoded in a real prepotential V{(t) which is 
a general cubic polynomial in the flelds . The two following expressions appear explicitly 
in the lagrangian: 

au = aij{a) = (4.1) 

and 

dijK = = const. (4.2) 


The symmetric matrix ajj{a) can be interpreted as the metric of a very special real manifold 
which is parametrized by the n real scalars . 

If we first reduce with respect to space, then one spatial component of each gauge field 
becomes a scalar, ~ d|, and combines with into a complex scalar + ib^. The 

bosonic lagrangian is the Minkowskian version of (3.1) with a holomorphic prepotential 
F{X), which is determined by the real prepotential of the five-dimensional theory through 


nx)\,,.o = . 


(4.3) 


Thus the prepotential F{X) is cubic with purely imaginary coefficients. The couplings take 
the special form 

Rij = Rij{b) = dijxb^ , Nij = aij{a) . (4.4) 

The scalar manifolds M obtained this way are called very special Kdhler manifolds, and 
: AT —> M is called the r-map. 

If we further reduce this model with respect to time, then the time-like components of 
the gauge fields become scalars, ~ Aq. The reduced lagrangian takes the form 


t+i = -\aijda(T^ dacr^ - ^aijdab^dab'’ + ^ajjdaP^daP^ 

-\dijKb^daP^ahcFi - . (4.5) 

definition, these are real manifolds with a metric defined by a real cubic polynomial, see 0. 
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Dualizing the gauge fields into scalars we obtain a para-hyper-Kahler manifold N, which 
is determined by a real cubic prepotential V(cr). We call manifolds, which are obtained by 
the successive r-map and para-c-map, very special para-hyper-Kdhler manifolds. 

Let us now consider what happens if we perform the dimensional reductions in opposite 
order. We first reduce over time, and therefore the scalars correspond to the time-like 
components of the gauge fields, ^ Aq. As a consequence they combine with the into 
para-complex scalars eb^. The four-dimensional lagrangian is determined by a 

para-holomorphic prepotential which is cubic with purely para-imaginary coefficients: 

= (4.6) 

The corresponding manifolds M are called very special para-Kdhler manifolds. The map 
: K ^ M is called the para-r-map. 

If we now reduce over space, one space-like component of each gauge field becomes a 
scalar, ~ A 4 . The reduced lagrangian is 

>^ 3 +°; 4+0 = -\aijdaa^da(T'^ + \aijdab^dab-^ - ^aijdaP^daP^ 

+\dijKb^daP^CabcFi - . (4.7) 


From the relations between the scalar fields b^,p^ and the five-dimensional gauge fields it 
is clear that that the lagrangians (^) and ( |4.7D must be related by b^ To verify 


this we relabel the fields as indicated and perform a partial integration of the first term in 
the second line. Using the Bianchi identity CabcdaF^^ = 0 together with the fact that djjK 
is constant, we see that the lagrangians (^) and o agree up to a total derivative and 
therefore have the same equations of motion.By dualizing the lagrangians 4 ^q and 
Tg^Q 3 ^} we can find the relation between the associated non-linear sigma models Tg^g’ 4 ^q 
and Tg^g’ 3 ^ 4 . The fields of the two lagrangians are related by 


{a^,b^,si,p^) (cT-^,±p-^,S7 dijKb'^p^,rs^b^) 


(4.8) 


and this defines an isometry between the corresponding very special para-hyper-Kahler 
manifolds. This can be summarized by 


„4-H0 

•-s-i-o 


o r 


4-1-1 _ „4-|-l r\j „3-H1 
4+0 ~ ^3+0 — '-3+0 


° ^3+1 > 


(4.9) 


which proves Proposition 4 of Section 2. The corresponding commutative diagram underlies 
Figure Q in Section 1. 
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